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Abstract We give an alternate proof of the existence of the asymptotic expansion of
the Bergman kernel associated with the kth tensor powers of a positive line bundle L in
a -—-neighborhood of the diagonal using elementary methods. We use the observation

N
that after rescaling the Kéhler potential k¢ in a ﬁ-neighborhood of a given point, the

potential becomes an asymptotic perturbation of the Bargmann—Fock metric. We then
prove that the Bergman kernel is also an asymptotic perturbation of the Bargmann—
Fock Bergman kernel.
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1 Introduction

Let (L, h) — (M", w) be a positive Hermitian holomorphic line bundle over a com-
pact complex manifold. The hermitian metric /# induces a Kéhler form w on M
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w = —¥=195log(h).

Let HO(M, L) denote the space of holomorphic global sections of L, which is a closed
subspace of £>(M, L), the space of all square integrable sections of L over M. The
L?-inner product of f, g € H*(M, L) is defined by

(f.8)p2 = / (f. On.
M

The Bergman projection is the orthogonal projection Pyo : £L2(M, L) — H°(M, L).
The Bergman kernel K, a section of L X L on M x M, is the operator kernel of P50
with respect to the above inner product. Here X is the external tensor product where
the fiber over (x, y) € M x M is L, ® Ly.

The Bergman kernel has the following (global) reproducing property: given a holo-
morphic section f € H(M, L) we have

f(x) = <f(}’)7K(y,x))£2 .

Given xo € M, a sufficiently small neighborhood Uy, admits a local trivialization of
L with frame e;, on Uy,. We define the local Kihler potential ¢ by

hiep,er) =e ?.

Bochner coordinates (introduced in [5]) are special coordinates in which the local
Kihler potential ¢ admits the form

9() =z + R@), R@) = 0(z*. (1.1)

Here R(z) is defined to be the remainder portion of potential in the expansion under
Bochner coordinates. There always exists a neighborhood of p which admits Bochner
coordinates for Kiahler manifolds (cf. [26]). Note the above definitions are naturally
extended to (L®*, h¥) and we denote the corresponding Bergman kernel by K. In
this setting, the frame of L® on Uy, is given by e%k, the k-tensor product of the frame
er. We shall consider only K for the remainder of the paper and will henceforth drop
the k subscript.

The purpose of this paper is to provide an alternate proof to the following theorem:

Theorem 1.1 ([8,27,30]) The scaled Bergman kernel admits the following asymptotic
expansion in the Bochner coordinates and in the frame e%k x)® e%k ),

oo
k(s )~ (1S4 =

j=2

More precisely, for any N, the following inequality holds:

N
K (Lk’ Lk) _ kneu.i 1+Z c,-(u,.i) < CN’mkn_N-Fi_m,
j=2 om
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2604 H. Hezari et al.

where the C™ norm corresponds to the xq, u, v variables, and with respect to a fixed
Bochner coordinate in a smooth family of Bochner coordinates centered at x.
P.q

Here each cj(u, v) is a polynomial of the form Zp’q ¢; (xo)uPv? satisfying

(x0) =0 for p+q>2j,
c?’q(xo):O forp+q #j mod?2.

In particular, by settingu = v = 0, this verifies the on-diagonal expansions of Zelditch
[30] and Catlin [8].

The primary objective of this paper is to provide a direct proof of Theorem 1.1. The
uniqueness of our approach is that it uses straightforward computational techniques
and requires little advanced construction. The only advanced tool we use is Hormander
L?-estimates.

Methods to compute and analyze the coefficients of the Bergman kernel have been
worked out over the last twenty-five years. Initially Tian proved leading asymptotics on
the diagonal using the method of peak sections [28]. A complete expansion was given
independently by Zelditch [30] and Catlin [8] by using Boutet de Monvel and Sjostrand
parametrix [7]. The near-diagonal expansion of K (x, y) (i.e., dist(x, y) < 1/ Vk) is
deduced from the diagonal expansion by Taylor expansion (see [27] for the more
general case of symplectic manifolds). The near-diagonal asymptotic expansions are
of the form (with b; (x, y) certain hermitian functions; b; (x,y) = b;(y, X)),

0]

- bi(x,y 1
K(x,y) = k"ekwu,y)(l +> ’(;;’ y)), dist(x, y) < N (1.2)

=1

where ¥ (x, V) is an almost holomorphic extension of ¢. In particular, when ¢ is real
analytic, v is simply the polarization of ¢, i.e., ¥ (x, y) is holomorphic in x and Yy,
and ¥ (x, ¥)|y=x = @(x). Itis clear that this expansion implies the one in Theorem 1.1
by Taylor expansion. Lu demonstrated that the functions b;(x, X) are polynomials of
covariant derivatives of the curvature of the underlying manifold M and computed
the first four terms [19]. The off-diagonal terms c;(u, v) were studied by Lu and
Shiffman [21] using Taylor expansions of b;(x, X). A graph theoretic interpretation
of the coefficients is given in [29]. Berman et al.[1] give an alternate approach to
prove (1.2), which we will discuss further in the following section. Related work on
the Bergman kernel on compact complex manifolds can be found in [6], [14], [17],
[20], [22]. The Bergman kernel on compact symplectic manifolds has been studied in
[91,123],[24],[25]. Applications of the Bergman kernel and the closely related Szegd
kernel can be found in [2], [4], [10], [11], [15], [16].

1.1 Outline of the Paper

Our proof of Theorem 1.1 is subdivided into two components: construction and analy-
sis of a local reproducing kernel using perturbation methods on the reproducing kernel
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of the Bargmann—Fock space (Sects. 2, 3), and demonstration of this construction in
fact being (asymptotically) the global reproducing kernel (Sect.4). As in [1], ini-
tially the asymptotic formula is formally computed and then remainder estimates are
addressed. However, our local method of computation is distinct; while [1] gives an
approach using microlocal analysis techniques inspired by the calculus of Fourier
integral operators with complex phase developed by Sjostrand, we use standard inte-
gration and combinatorial identities on C” to calculate the coefficients that would
satisfy the reproducing property. The proof relating the local reproducing kernel to the
global Bergman kernel is essentially the same as [1] and is included for completeness.
We also explicitly compute the first two nontrivial coefficients of the near-diagonal
expansion in Sect. 6. We define the local reproducing kernel modulo k=N +1/2 on Uy,
to be a function Q y (x, y) on Uy, x Uy, which is holomorphic in x, antiholomorphic
in y, and which satisfies the following local reproducing property (modulo k~NV+1/2)

F) =) f ), On X)) 2w, k)

n— N+
(k )”f”[:z(l]x k) f € H (Uxo)

where xy is a cutoff function supported in a scale ball of radius k /¢ for some & > 0
(see (3.2) for the precise definition). The choice of such an unusual cutoff function
with shrinking support plays an important role in our argument.

To construct the local reproducing kernel modulo k=¥ +1D/2 at a point xo € M,
we begin by choosing Bochner coordinates and a local trivialization of the bundle.
Our cutoff function xy is chosen to have shrinking support on B(k~1/47€), so that the
inner product is localized near the diagonal and also to ensure that the local rescaled
Kihler potential admits an asymptotic expansion of the form

()= [af (15

|2

2
v

Vi

This expression is an asymptotic perturbation of |-%=|*, hence we propose that the

local Bergman kernel admits an asymptotic expansmn of the form
loc (_u_ n_uv cju,v) (u, U)
Koo (0, 2) =k"e 1+Z , (1.3)

where the c¢;’s depends on a; and satisfy c;(u, v) = c¢;(v, u). The reason we propose
such an expansion is that if ¢ (x) = |x|?, then a j = Oforall j > 2 which implies
cj = 0forall j > 2 (5.6) yielding Kl”C(JLE, \/L’;) = k"e"'?, which is precisely the
rescale of the kernel of Bargmann—Fock metric k|x |2 (cf. Lemma 8.1).

In Sect. 2 we show the existence of the coefficients which will (formally) satisfy
the reproducing property on C" under the perturbed metric. In Sect. 3 we show that
the local kernel proposed satisfies the local reproducing property through a series
of remainder estimates. In Sect.4 we show the global Bergman kernel admits an
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2606 H. Hezari et al.

asymptotic expansion by comparing it to our local construction. The crux of the proof
is the application of standard Hérmander d-estimates (c.f. [3]) as it was done before
in [1].

With the proof of Theorem 1.1 complete, in Sect.6 we then use the algorithm
generated within the argument to compute the coefficient c¢; (the coefficients ¢y and
c1 are computed in Lemmas 5.8 and 6.3 respectively), yielding the following result.

Proposition 1.2 (Coefficients of the expansion) One has
co=1,
c1 =0,

—_p_1 N
€2 =75 = 3 2 j k1 Rmyj (Ou'u /v,

where Rm denotes the Riemannian curvature tensor and p denotes the scalar curvature

. _ _ . _ p
(¢f: (1.4)). In particular, for u = v = 0 one obtains ¢, = 5.

Remark 1.3 Our computation of the coefficients is independent of any previous results
on the coefficients of the Bergman kernel expansion on the diagonal. In fact, the
iterative computation implemented to compute these quantities captures the essential
strategy one may utilize to compute (if one feels so inclined) any desired c;.

1.2 Twisted Bundle Case

Let E — M be a Hermitian holomorphic vector bundle. Consider the twist E @ L.
In this setting, the Bergman kernel, Ki £ (z, w), can be defined as in the introduction
and one can study the asymptotic expansion of this kernel as k — oo. In fact our local
construction follows with the only difference being the volume form and the local to
global construction follows similarly by Hérmander 9-estimates to extend our result
to the twisted bundle case.

1.3 Notation and Conventions
We now set the conventions which will be used throughout the paper. Let Z. denote

the collection of all nonnegative integers. Let £ € N and let o, 8 € Zﬁ such that
o :=(a1,...,o¢)and B := (B1, ..., Br). Define

14 ¢
a!::Hot,-!, |a|::Za,~.
i=1 i=1

A multiindex binomial coefficient is defined by the following
14
o L o;
() -11G)

Note we use the convention that if ¢ > p then (;’ ) := 0. Lastly, multiindex inequalities
will be defined as follows

o < B < «a; <p;foralli,
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and furthermore
o <pa=<panda #p.

For any summations if the ranges are not specified one will assume summation indices
range over multiindex values Zi
Given x € M and r > 0 we set

By(r) :={y e M :dist(y,x) <r}.

In C" we set B(r) := By(r) and B := B(1).
Given local holomorphic coordinates {z;}?_,, the volume form is given by

n
V=1

dV = (2_) dz' ANdZ' A - AdT A dT.
T

The components of the curvature tensor are given by

82g7 -Jo.+ ag -
Yoy z st 0811 25 , (Riemannian curvature)

Rm 7= ———- =
ik azkaz/

azk o7
Ric;; = > ¢"R7;.  (Ricci curvature) (1.4)
k.l

p= Z gl7 Ric;7. (Scalar curvature)
iJ

Furthermore we set

82
Q(z) := det ( (p(z)) .

0z;0Z;
Hence in local coordinates "
w
— =QdV.
n!

We define the local weighted £ spaces by

L2(Uy, k) = [f :/ |f<z>|2e—kw<z>‘;’—'f <oo],

Ux

and we define its closed subspace of £2-holomorphic functions by H%(U,, k¢). The
Bargmann—Fock space F is precisely the space H’(C”", |x|?). We refer the reader to
the Appendix for some facts about F.

Finally, we use the following \/l];—rescaling convention on the potential:

v
= —. 1.5
pr(v) =9 (\/%) (1.5)
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2 Local Construction
2.1 Existence of Coefficients

Let a;’ be the coefficients in the formal power series expansion of the product
Mia(5)=3 3 LT @

where R(z) = ¢(z) — |z|? as defined in (1.1) under Bochner coordinates.

Proposition 2.1 (Existence of coefficients) There exist unique coefficients cj.’ 1 eC
depending only on the Kdhler potential ¢ such that for any polynomial F and any
N >0,

pq r.s

F(%):/ﬂF(I) vt (303 > | av.

t=0 m+j=t p.q r.s
(2.2)

Furthermore, the coefficients cf 1 have the following finiteness and “parity property”
(cf. Definition 5.5)

(1) e =0 when |p +q| > 2m,
() ciy? = 0when |p| + |q| #2 m.

Remark 2.2 When N = 0 the equation reduces to the reproducing property of the
Bargmann—Fock kernel. Also note that the expression in parenthesis is precisely the
truncation up to k~/2 of the product

i cj(u,v) e—kR(\%)Q (

The above proposition is one of the key results of the paper, though we defer
the proof until Sect.5 as it is purely algebraic. But at the heart of the proof stands
Lemma 8.4 in the Appendix, which states that

n - ),uq P ifp <gq.

In the following section we prove Proposition 3.1 using our key Proposition 2.1.
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3 Remainder Estimates
3.1 On the Choice of the Shrinking Radius
We begin by choosing a point p € M and choosing some local neighborhood U,

centered at p, which admits a local trivialization. We rescale coordinates via the
identifications

x=p+ 7
y=p+\/ilz.

We additionally use Bochner coordinates (cf. Proposition 6.1). Thus the potential
scales as follows:

kon(v) = ko () = o + kR ().

Under Bochner coordinates we have R(z) = O(|z|*). We fix 0 < ¢ < JT for the
remainder of the paper, and we further stipulate that v will be chosen from within

B(k%_g) to ensure that kR (\/LE) = O(k™?). Consequently, for large k, one may

compute in the setting of a perturbed Bargmann—Fock space. In particular, this implies
that for k sufficiently large

1
Il e2acia=e, mapy = I lle2avi-o, ko@) = 2 lc2marie, kzp)-
3.1
To develop this idea effectively, we choose some cutoff function y € C2°(C") satis-
fying

1 if x| < 4,
X) = 3.2
X ) [o if 1x] = 1, ©2)
and set xx(x) := X(k%“x). We then incorporate y; into the integral in the local

reproducing property of Proposition 3.1. Note that
Z 1,1 -
supp(dxi () C{z | 2h* 7 = lzl = k#77).

Sofor |u| < landv € supp(ka(JL];)), their distance has a lower bound |u — v| >

%k%_s, which is crucial in obtaining an estimate for the exponential decay outside
the near-diagonal neighborhood. We then analyze the orders of the remainders of the
truncations of the locally defined pieces to show that their contribution to the local
reproducing property is of negligible order.

3.2 Local Reproducing Kernel

In this section we show that local reproducing kernel with the coefficients chosen in
Sect. 2 actually satisfies the local reproducing property up to a small error, and give
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2610 H. Hezari et al.

measure of such error. Before doing so, we introduce some notation. Given a domain
UcC"and f € C*®(U) we set

D/ f(0)
fu(x) = Z At )x/.

il
j=m 7
In particular, for x € C, Mo
X xj
(€)= T
j=0 7

We will also use this notation for f = R with M = 2N 4+ 5, and f = Q with
M =2N +1.

Proposition 3.1 (Local reproducing property) Let f € H(B), and c j be the quanti-
ties as found in Proposition 2.1. Then for u € B,

() () () (2757,

_ N+l
+0 (K=Y 1f 1l 22 -

BWR) ko))

To prepare to verify Proposition 3.1, we require a series of estimates on the Taylor
series remainders of the exponential term and the volume form. We also show that the
integral outside of the support of xj is rapidly decaying.

Lemma 3.2 (Remainder of the exponential term) Let M = [N2—'21]+ 1. Thenfor N > 0
and any f € H(B),

N
/B(JB xk («/Ll?) f (JL;;) el Z CJ'\(/%”)

N+l
= 1/l 22(B,kp) O (kn 2

Lemma 3.3 (Remainder of determinant) Let M = [Nz—tl] + 1. Then

N —
/B(«/E) Xk (JL%) f (\/LE) e'“_)*lu\2 Z Cj(M,}J)

J=0

%

) e—km(ﬁ) (Q_QZNH)(J%)W (3.3)

M
_N+1
= ”f”[,z(B,k(p)O (kn 2 ) .
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Lemma 3.4 (Estimate outside the ball) Let F be a holomorphic polynomial. Then the
following estimate holds:

L0 ()G (£ 3 2me0)

t=0 m+j=t

n 7ik%728
< CNKIIF g2 rgpye

Given the results above, we prove Proposition 3.1.

Proof of Proposition 3.1 By Proposition 2.1,

(G- L) (5 )

t=0 m+j=t

for all N > 0 and all holomorphic polynomials F. We then split the above to two
pieces.

()Ll () (B2 25

t=0 m+j=t

+ ( ) (%) wi—vf2 (tz‘am%:tc j (s v)am(v v))

1.
The first integral is bounded above by Cyk" ||f||£z(3’k(p)e*ﬁk2

For the second integral, we note that since M = [Nz—ifl] 4+ 1> N/4,and |u|] < 1, we
have

from Lemma 3.4.

N . n v
Z Z CJ(U U)am(v v) _ ch%v) (e_kR2N+5<‘/E))MQZN+1

t=0 m+j=t j=0
< Cnk™ 2 |v|4(M+N+1)

Then by applying this to the second integral, and using the Cauchy—Schwarz inequality
we get

N+1
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2612 H. Hezari et al.

L ()

N1
< CN||F||LZ(B,k¢)kn z .

_ )P
4M+N+1) Juv—"—5-

v] dv

Hence we obtain the estimate,

()L ()

M e, v) k v
2 : J\H%s (e_ R2N+5(\/1;)) Qon1dV
= Wk M

_N+1
+ ORI Fll 2k

Now by applying Lemmas 3.3 and 3.2, we have

v v\ ui—|v? s cj(u,v) *kR2N+5(\/Lz) )
/n Xk («/_E) F (71?) ¢ Z N € QaN+1 (7];> av

L2BW0ke( )

N+l

+IF 200 (KF).

We can extend to arbitrary f € H°(B) by putting F = f, letting L — oo, and using
the uniform convergence of f; . The result follows. O

We end this section with the proofs of Lemmas 3.2-3.4.

. . 1_
Proof of Lemma 3.2 First note that since |v| < k3~ we have

v
kR(—) = o).
(ﬁ) )

We regroup the quantity
e kR _ p=kRanys _ ,—kR (1 B ek(R*RZNJrS)) ) (3.4)
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By Taylor expansion
k’(R R )(v) -t D"‘R(é)' v |*
— o)\ —= )| = sup 7
vk wl=2n+6 | (@ || Vk
[v]
I§1= 7
|U| )2N+6
< Cnk (—
vk
N+1
< Cnyk™ 2.
Applying the above to (3.4), we have
‘;"R(”k) _ o MRenns()| < Cyk—7. (3.5)
Next we consider the difference
‘e—kR2N+5(j,;) _ (e_kRZN-%—S(\}},;)) ’ (3.6)
M
where M is a fixed constant such that M > N;gl.
By (e_kRzN+5 (/’?)) we mean to truncate as
M
> 5 (s ()
e 2N+5\ —F= .
— j! AW
Jj=0
Hence we have an estimate
v v M+1
‘e—kRzNﬁ(ﬁ) . (e—kRzzws(ﬁ)) < sup (L);'_’_ o
M IXISI—kR2N+5(ﬁ)| '
< Ck—SM-‘rl
<ok,

Combining (3.5) and (3.6), we have

) - ()

Applying our estimate directly to the integral,
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2614 H. Hezari et al.

8]
(ST

S}
l—

< Cnllfllc2g k"™
The result follows. O
Proof of Lemma 3.3 We first observe the following estimate

2N+2

_ N+l
< sup < Cyk™ 2

la|=2N+2
v
lel<| %

'(sz — Qo) (%)

D“Q(S)‘

N

Using the above estimate with a similar manipulation as Lemma 3.2 we conclude
(3.3). O

Proof of Lemma 3.4 Up this point the estimate (3.1) has been crucial in all of our
estimates. However when yy is replaced by 1 — xy, the integrand is not supported
in B(k'/47¢), and hence (3.1) is not correct anymore. However, an application of
integration by parts resolves this issue as we perform below.

. . 1 1_
First note that since |u| < 1 and |v| > %kll ¢, we have |u — v| > %kll ¢, Next we
use the identity

-~

g(z el‘)(u—v)%dvl) _ _neﬁ(u—v)dv’
u —v

i
j— n . —
where dV' := (*é—?) dv' AdT' A AdvE AT A AdV" A dT. Integrating
by parts, we have
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L0 () ()er (8 3 2o

t=0 m+j=t

L)) e

t=0 m+j=t

) (e () (B 3 e

t=0 m+j=t
1

el_)(u—v) —dV.
ul — l

Iterating the above integration by parts 2N times we obtain

(_1)2N+1 v
= T 2N /nF(ﬁ) Z

I=(i1,...,iaN+1)
[1|=2N+1
] cjlu, v)am(v )\ Vv
(-2 (5)2 = o
t=0 m+j=t

Since the degrees of a,,, and ¢ are 2m and 2 j respectively, always one differentiation
is applied to 1 — xi. Therefore, the integrand is supported on the annulus %k%_g <

v < k~¢. The above integral is then bounded above by
1

2 2
/ F (L)‘ oI gy
Ltz | \VE

x [l,g 1, Z
§k4 <|v|<k4 . .

I=(i1,...i2N+1)
[I|=2N+1
Cu—v? 2 %
v ci(u,v)ay, (v, v) e 2
(-0 (L))T = @ F|av
\/E t=0 m+j=t kl (Lt - U)
n 7ik%728
< Cpnk ||F||L2(B,k<p)€ 2
The result follows O
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4 Local to Global

The norm of K as a section of the bundle L& ® L®* is the Bergman function B.
Hence in local coordinates

B(x) = |K (x, x) | = | K (x, x)|e k¢,

where K (x, x) is the coefficient function of the Bergman kernel with respect to the
frame e%k ® €1 %%, We also have an extremal characterization of the Bergman function
given by

B(x)= sup sl “.1)

sl 2=1
where s € HO(M, L®%).

Lemma 4.1 (Uniform upper bound on Bergman function) There exists C dependent
on M, and independent of k and x such that

B(x) < Ck".

Proof We use the extremal characterization of the Bergman function (4.1). On the
compact manifold M, we fix a finite coordinate cover {U} and also fix a coordinate
{zi}!_, in U. For each U, we have a local Kihler potential ¢(z). We can assume
that U = B(0, 2), and sup,cp 0.2 |D%p(z)| < C, i.e., the second derivatives are
uniformly bounded. Since ¢ is plurisubharmonic, we can assume the volume form

dV, = (%=13¢)" (2) is equivalent to d Vi () in B(0, 2).

1z / | B@Pe 9y,
B(0. )
1
== 5(2)Pe ) d Vg
C1 /B0, L)
1 _ —
> ——exp(— sup |D%¢)) 15 (2) | ke (20)—ke: o) (2=20)~kez (20} (2=20) g /.
€1 B(0,2) B(zo, )
1
= _e—kw(z())/ |§(Z)€_k%(z°)(1_m)|2dVE,
G B(z0. )

Since §(z)e *¢:(20)(2=20) i5 holomorphic, by the mean-value inequality we have

1 - 1 -
_e—kw(zo)/ 5(@e D Rgy, > L ko) 5(0) 2,
&) B(zo,ﬁ) Csk

So we have

e R0 |5 (207 < C3K",
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where C3 is uniform for any z9p € B(0,1) and any s € HO(M, Lk). Taking the
supremum over all such s and a standard finite cover argument yields the desired
result. O

Let K(x,y) = K,(x) be the global Bergman kernel of HO(M, L®). We view

Ky (x) as a section of Lf® Z’;. We shall use K (x, y) for the local representation of
K (x, y) with respect to the frame e (x)®* ® €7 (y)®.

Theorem 4.2 (Local to global) The following equality relates the truncated local
Bergman kernel

cj(u,v)

N
u v
Kluc (_’ _) — kneu~v
MAVE vk Z(:) %

to the global Berman kernel K .

()= (G ) o (),

Proof Fix u,v € B. We apply the local reproducing property to the global Bergman
kernel f(w) = ﬁ(w) K(w, [)

Iz(i L) _<X (R (w L) Kloe (w _)>
NG k /9 A " Vi) 228 k)

+0 (k") 1Ko
2228 k)

By the reproducing property, we obtain from Lemma 4.1,

||K || ||K || - K non — B M Ko o opn
= ﬁz(Bk(p)— - LZ \/E’\/E \/% = )

where K e (w) means section with respect to w and local coefficient function with
k
respect to u. Thus we have

£ )t (o ) 8 o) )
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We next estimate the difference of the local Bergman kernel with the projection of the
local kernel.

e () = () G )
) <Xk(X)IZ (x’ %) K (x’ %)>£2(3,kw(x))
() (5 )

v w
_ Y Klac (x’_),K(x,—)> .
<Xk( Ky N Vi) 2208 ko)

We can regard g, as a global section of L® because of the cut-off function Xk- Since

loc loc
XKy o, Ku> = Pyo (XkK v) ,
< NV 2 " Nz
where P 0 is the Bergman projection and gy, is the £?-minimal solution to
Agky =10 (XkaVOCv) .
"k

Now we estimate 9 (xx K 5\‘;6 v )

"k

A e klec,
(Xk Nﬁ)‘
\/7

Il
N
(o))
<
T
>
=3
_I_
>
=~

S
N
>
=5

S
N—
\—/

Il
(o3
~~
S
3
N
>
AN
=)
o
<

We note that 5(K5\(7)CL) = 0 because Kf\‘,’c is holomorphic. The term 9 (xx) on
"k
1 1
the right-hand side ensures |w — v| > %kl’s ,and |w| < k77¢. Furthermore, since
loc w o\ wo 2N
KNsﬁ(«/l?) =0 (e [vw| ), and because

_ _ 1,
|ev? 2ol = P2Rewi—lwl? _ —lw—vP+? o Ce 16k "
we obtain 1
— 1 —2¢
Ha(Xk)Klocv < Cemmk? ™,
Tk L2(M, L&)
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So by the Hormander 9-estimate, the following inequality holds uniformly for v € B,

1 —2e
”gk,v”ﬁZ(M,L@k) <Ce™ 32k2 . “4.2)

By the same argument as in the Lemma 4.1 above, for all u € B we obtain the uniform

estimate
> —26

e ()] =i

This concludes the estimate

u v u v N+l
K[OC (_’ _) _ (_, _) < CanfT’
N AVE Vi Vi Vk
uniformly for all u, v € B. O

5 Proof of Proposition 2.1

As we said before, at the heart of the proof of Proposition 2.1 we require Lemma 8.4,
namely the following identity:

- 0 if p>gq,
/ l—)pvqeu-v—lvlzdv — . ~ . p q
n muq P lfp < q.

To prove Proposition 2.1, it is sufficient to consider arbitrary degree / monomials in
u. By Lemma 8.4, the proof of our proposition is reduced to

pq rs

a

R > (zz L Jav
! t=0 j+m=t \p,q 1.s (51)

p.q rs

am

0 J pH+r—q—s I+
=2 2 2 2 Utr—q-s

t=0 m+j=t g+s<l+r p

Note that in the above summation, [ is fixed.
We can immediately determine the cg coefficients, as seen in the following lemma.

Lemma 5.1 For multiindices p, q € 7!} the following property holds

5.2)

P _ 1 ifpi=qi =0foralli,
0 otherwise.

Proof The proof proceeds by induction on the length of the multiindex ¢g. First, we
consider |g| = 0. Then taking (5.1) for/ = (0, ..., 0) and comparing the coefficient
of k coefficient yields
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o r!
1= Z cg’qa(r)’sup“ = —
r—q—s)!

p
qt+s=<r

By the vanishing of a;* from Proposition 6.2, we have
=St
=) ciul.
p

Immediately we compare the coefficients of u# and conclude result (5.2) for this case.

Now we assume the induction hypothesis holds for |¢| < A — 1 and consider the
case |g| = X, and take |/| = A. Then applying the induction hypothesis to (5.1) and
parsing apart the right-hand summation yields

Al

Pe I’q . l—q
gt

P q=l
-3 S P”(, STTRED YD WA
P lql=> g=l i
g=l lgl=A—1

Note in particular that the requirements in the first right side term that ¢ < [ and
lg| = A immediately imply that g = /. Additionally, by the induction hypothesis, the
second right side term reduces to simply u’. Subtracting this from both sides yields

0= Z ulcl o
p
The coefficients vanish accordingly and we conclude (5.2). The desired result follows.
O
Proof of Proposition 2.1 By (5.1), from comparing the coefficients of k, we get

[+ r)! 't=o0,
Z Z Zcf’qa:&s“[j“”_qﬂi _ (5.3)
(I4+r—qg—s)! 0 r>1.

m+j=t s+q<l+r p

In order to determine the coefficients cf " we induct on j. The base case j = 0
is demonstrated by Lemma 5.1. Now assume the induction hypothesis is satisfied for
j < © — 1, which implies that the coefficients c? 'Y have been determined for all
multiindices p and ¢ and for all such values of ;.

Take (5.3) fort =1,

r,s r+l—q—s (I +n!
Z 2 D eyt urtri (l+r—:1—s)!=0

j=0s+g<l+r p
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By moving all the terms with j < v — 1 to the other side, we have

SS eaagurtrizay ¢+
v o (l4+r—q—s)

s+qg<l+r p

__Z Z Zcpq 5 ptrtl—g—s (I +n!
Ge—j (I+r—qg—s"

j=0s+g=<l+r p

Since we know a;;* all vanish except that a(()),o = 1 (cf. Lemma 6.2),

chp qyptl-a__ " =

gl p

rs rpl—g—s __ U+D)!
_Z z Zcpq yPrrH—a (l+r——;—s)!

j=0s+q=<i+r p
(5.4)

We consider various lengths of [ to determine the values of the coefficients. When
|| =0, (5.4) reduces to

q)‘

NI Sl e 69)

» i=0s+a=r p q

Since the values of g, are determined (cf. Lemma 6.2) and c;’ ‘7 are known due to the

inductive hypothesis for j < r — 1, we obtain all ¢f 0 by comparing the coefficients
of u in (5.5). We begin a subinduction argument on the values of |¢| such that ¢Z?
known for any |g] < A — 1. The case A = 0 is determined via our analysis of (5.5)
discussed above. Consider multiindices [ such that |[| = A within the (5.6). As in
the Lemma 5.1, we decompose the left-hand summation of (5.4) and rearrange the
equality to obtain

Setur = DD M WA L e L

j=0s+g<i+r p

_Z Z Py pH— q(l

P g=<l
lgl=r—1

I (5.6)

_q)l

Due to the induction hypothesis on t, the first quantity of the right-hand side is com-
pletely determined. Furthermore, by comparing the coefficients on ul’ we can solve

for c, . This concludes the induction on |¢| which implies that ¢£*? are completely
determined, and thus the induction on t is also completed. The result follows. O

Next we prove the finiteness of the expansion of the volume form.

Definition 5.2 (Weight of coefficient) Let A(z) = > i a’—Jg be a series such that each
coefficient a(z) is a polynomial. Define the weight w(a;(z)) of each coefficient as
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w(aj(z)) = deg(a;(z)) — J,

and the weight of a series w(A(z)) = sup w(a;(z)).
J

Lemma 5.3 (Additivity of weight) For series A(z) and B(z), we have

w(A(z) + B(2)) = sup{w(A(z)), w(B(z))},
w(A(2)B(2)) = w(A(2)) + w(B(2)).

Proof The first equality is clear. For the second, by direct computation,

wA@B@) =w [ [ D a;) (Zbk@)
j k
=w (> D aj@bh@

I j+k=t

= Sltlp w z a;j(z2)b(z)

Jt+k=t

=sup deg | D a;(@b(2) | —t
! Jtk=t

= sup deg(a;(z)) — j + sup deg(bi(2)) — k = w(A(2)) + w(B(z)).
J

The results follow. O

v

We now consider the weight of ekR(ﬁ) , as a series in powers of v/k. Since R (\/LE)

is obtained from Taylor expansion, the degree of the polynomial coefficient matches
with the degree of v/k, so w(R(\/Ll;)) = 0. Using the additivity of the weight, we have

(o)

kr( ) _ ; ! (kR (%))m

Computing the weight of each term, we obtain

()

Hence we obtain the following lemma.

Then we have
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Lemma 5.4 Given m € Z and multiindices r, s € 7', such that |r + s| > 2m, then
r,s
a,” =0.

Next we will show that the coefficients cf ! and a},,’ satisfy a parity condition. We
begin by establishing the following property of bivariate power series.

Definition 5.5 (Parity property of power series) We say the coefficients of the bivariate

power series
B(x,y) = Z
m,p,q

xpyq’

¢_

has the parity property if given p, g € Z!} with |p| + |q| #2 m, then Bl =0.

By demonstrating that this property is preserved under standard algebraic manipu-
lations, we will conclude the vanishing of particular coefficients a’*? and ¢ of (2.1)
and (2.2), respectively. This is key in demonstrating the finiteness and bounds on the
degrees of each c;.

Lemma 5.6 If A and B are bivariate power series with the parity property, then so
are A+ B and AB.

Proof The additive closure is immediate. For the multiplication, we have

o0 m
A, Y)B(x,y) = Z Z D ATIBEL XTI

n 0 p.q.r.s

The term is nonzero when |p| + |g| =2 n and |r| + |s| => m — n, that is, when
Ipl+1rl+1ql + |s| =2 m.

The result follows. O

Lemma 5.7 The bivariate expansion of e *RQ has the parity property.

Proof Consider the expansion

(%) 3 ((_1)n(ﬁ)2 > pr qvp—q)n

n

= (="K z (Z —R” qvpvq)n )

The factors of k~1/2 come from evaluating the expansion of the exponential at (JL%)’

the R/y? terms have the parity property. Since the parity property is closed under
addition and multiplication by Lemma 5.6, and multiplication by k*" preserves the
parity property, the entire power series admits the property. Furthermore since 2 (\/Ll?)
also has the parity property, the product also has the parity property. The result follows.

O
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Lemma 5.8 For all m € N, given p,q € Z', such that |p| + |q| #2 m, we have
q
=0.

Proof The proof proceeds by induction on m satisfying the lemma statement. First,
the case when m = 0 is an immediate consequence of (5.2). Next assume that the
parity property holds for m < ¢ — 1 and we do a sub induction on |g|. From (5.5) we

obtain
N %) Y

j=0 p r=q+s

On the right-hand side, the coefficients are nonzero only when |p| + |¢| =2 j and
|r| + |s| =2 t — j. Combining these two equalities yields

Ipl+ gl + |rl+|s| =2 ¢,
which implies that ¢*° = 0 for o %5 1.

Now we assume the induction hypothesis holds for |g| < A — 1. For |g| = A, we
have from (5.6),

j=0s+g<i+r p

[— I
DI A

g=l
lgl<r—1

On the right-hand side, in the first summation, when |p| 4 |g| + |r| + |s| 2 ¢, the
terms are zero by the induction on j, hence the exponent must be

Ipl+1rl+lgl + sl + 1l =21+ ]

In the second summation, when |p| + |g| #> t, the terms are zero by the induction on
|g|, hence the exponent must be

Ipl +lgl + 1l =21+l
Then comparing the exponent on both sides, we get on the left-hand side,
Ipl =21+l

Hence
Ipl+ || =2 t.

The subinduction on |¢| has been proven, therefore we may determine all ¢/ for the
given t. Consequently the induction on ¢ is complete, and the result follows. O
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We next establish two combinatorial identities in preparation for the proof of The-
orem 5.13.

Lemma 5.9 Givenl € Z, forall s € [1,1] N Z the following equality holds

Z( 1)3( )(1-?)20‘ (5.7)

Proof We assign the terms of (5.7) as polynomial coefficients and rearrange terms
appropriately,

2 ()220

= i: (c+n') (;)(—1)“’
l

= ((x + 1)’“’(1)(—1)W)
=0 w

The result follows. O

Corollary 5.10 Given a multiindex | € 7", for all nonzero multiindices s < [ the

following equality holds
I\ ([l —
Z(—l)'wl( )( w) —0. (5.8)
= w)\Il—s

Proof Taking the left-hand side of 5.10 and decomposing it as a product of binomial
coefficients we obtain

S ()0 -z e ()6 0)

We observe that since s is nonzero then there is at least one i € [1, n] € Z such that
s; is nonzero. Applying Lemma 5.9 to this index within the product yields the desired
result. m|

Lemma 5.11 Foralln € [1,I1NZ4, andr € [0,n — 11N Zy,

n
Z(—l)w(l)(’“‘w)zo. (5.9)
w0 w n—w
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Proof To verify the lemma we apply the following combinatorial identity. For 0 <
w < 2, we have

r+l—w) l—w\ (7 . l—w r T n+1—w r
n—w ) \\n—w/\0 n—w—1J\1 0 n—w))’
We expand left-hand side of (5.10) by the above identity and obtain
! wi ! S -w r Ly wl ! [—w r
20", ) 22— ) = 2 2D e :
o w) e \n—w—v/\v) S\ = w/\n—w-v/ J v
It suffices to prove that the labeled quantity L = 0, that is
n—v
l l—
ZH)’”( )( .w )=0.
w=0 w n=J=v
This is equivalent to demonstrating that for any n € Z4 suchthat 1 <n <[l +1,
! IN(]—w
ry = Z(—l)w( )( ) =0. (5.10)
o w/\n—w

We again embed (5.10) as coefficients of a polynomial in x and with careful manipu-
lation obtain,

l

S -3 S (D)

n=0 n=0 w=0

L (- w\ L\ (!
-2 (2 (o)) (e
w=0 \n=w n—w w
! !
— Z(l +x)l—w( )(_x)w
w=0 w
=1.
The result follows. O

Corollary 5.12 For all multiindices n, r € Z'| withr < n,

Z(—l)'w'+‘<l)(r+l_w) =0. (5.11)
w n—w

w=mn

Proof Taking the left-hand side of 5.12 and decomposing it as a product of binomial
coefficients we obtain
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s ()= A(E e ()

w=<n

We observe that since s is nonzero then there is at least one i € [1,n] € Z4 such
that r; < n;. Applying Lemma 5.11 to this index within the product yields the desired
result. O

Theorem 5.13 Given m € Z, and multiindices p,q € 7} such that |p + q| > 2m,
then ¢k = 0.

Proof Recall the identity (5.4) established in Lemma 2.1, we have

chp qyptl-q__ " =

gl p

r,s r s (l+ )'
_Z Z ZCM yPtrH=a— (Hr_—;_s)!.

6])' j=0s+q=<i+r p

(5.12)
With the theorem statement as the induction hypothesis, for each fixed T € N, we
induct on appropriate values of m. For m = 0 this is true by (5.2). Next assume the
hypothesis holds when m < t — 1. Then we consider the case m = t. Define the

quantities (given by the left- and right-hand sides of (5.12) respectively),

!
Pri= > > chturtl= q 3 (5.13)
=7 —q)!
and
Z Z pq r,s p+r+l q—s (V+l)' . (514)
(r+1—q—>s)!

P r+l>q+s j=0
Then we have that by (5.12) that P; = Q; for all multiindices / € Z,. We prove the

identity c;? = 0by embedding the two families of coefficients { Py, }<; and {Qy }w<
into a polynomial. Set, for B € {P, Q},

U(B) = Z(_l)lwl(;)uw&_w. (5.15)

w<l

First we compute W;(P) by inserting (5.14) into (5.15), carefully rearranging terms
with respect to powers of u:

l
W (P) =D (=D (w)u”’Pzw

w<l
l ., (—=w)!
- _ 1wl ( ) P4yl tp—q 7
wzgl( ) ;qglz—w w)T (—w-—q)!
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w —s S Iy —w)!
=3 > et (w)—(s_‘:;)!

P w<l w<s<l
)!
e ”u”“(Z( 1)w|( ) —w
p s<l w=s w)‘

Note the substitution used to obtain the second to last line is through the identification
s = | — g, and then interchanging the order of summation yields the final line. We
decompose the above summation into two pieces to conclude that

w] w)!
S0 6=5)

Applying Corollary 5.10, we have that the quantity above reduces to simply

Py =S et 43S et pH(

p P 0#s<I

(P) =D cllurll. (5.16)

We next compute W;(Q). We collect up terms with respect to the powers of u,

[
w(Q) =D (—H! (w)usz—w

w<l
__Z( l)wl( ) Z Z Zcpq ;s up+r+l w—q—s
J
w=<l P r+l>g+s+w j=0
r+1—w)!

r+l—w-—qg—s)!

“EEX S (e o

j=0w<l p r+i=g+s+w
r+1—w)!
r+l—w-—qg—s)!

—1 r+l
ZZ Z Z z (_1)|w|+1(1) ;?q ;Yjup+r+l q—s
w

j=0gq+s=r p w<r+i—qg-—s
r+1—w)!
(r+l—w-—g—s)

For simplicity, set n := r +1 — g — s and allow it to range 0 < n < [. Updating the
index of (5.17) we obtain
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< wl+1 pa s i U HL— W)
v(Q) = ZZ > D=1 ( ) ayt uPt —————

—w)!
j=0 P gq+s=rw=n (= w)!

r+l (5.18)
B R YR ( e
j=0 p q+s=r w=<n w n — w)!

As aresult of Corollary 5.12 we then only need to consider > 1, otherwise the term
vanishes. As a result of the induction hypothesis combined with the fact that a”>* = 0
when r + s > 2j (cf. Remark 6.2) we apply these facts to ¥;(Q),

2t > |p+qg+r+s|l=|p+2r+1—nl.
Manipulating the above expression yields
lp+nl <2t =2|r = I +2[n] <2t =2|(r —m)| = |I] <2t —|I].
Combining this fact with (5.18) we conclude
deg W;(Q) <2t —|I].

Recall that since P; = Q; for all [ by (5.12), so that W;(P) = ¥;(Q). Noting that as
aresult of (5.16), we have that, the index p must satisfy

Ipl < deg W(Q) <2t — |I],

therefore if 27 < |p| + |I|, then ¢ 4 0, demonstrating the desired induction step.
The result follows. O

6 Computation of the Coefficients

In this section we explicitly compute the coefficients ¢; and ¢3 of K/°¢ under Bochner
coordinates (the coefficient cp was computed in Lemma 5.1.

To compute ¢ and ¢ we require preliminary terms of the Kéhler potential as well
as the coefficients a,;’ .

Proposition 6.1 (Expansion of Kihler potential) We have the following series expan-
sion of the potential ¢ under Bochner coordinates is given by

Rm;~,7(0)
0(2) = |z]* — +]dzlzk? 7+ 0(z))

=z 4+ R(z.2).
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Lemma 6.2 (Properties of e *RQ expansion) The expansion up to % for >

aL o
2pa T
eikR(%)Q (L) =1- (RIC kol — Rm ~:(0)v'v vjﬁl)
NG kl ijkl ’

where the numbers a;’qforj =0, 1,2 are given by

0 otherwise,

p,q:[l iflpl=lql=j=0

=0 forallp,q,

and lastly
— > Rigy; iflpl=lql =1
ay =3 Xk Rici770) if Ipl =gl =2
0 otherwise.

Proof We expand each quantity of the product on the left-hand side of (6.2). First, for
the exponential term we have

v Rm -7 (0) .
e_kR(ﬁ) = 1 + i()vl

e VFuiTt + o(lf%).

And the determinant quantity becomes

o 2) = aet(5-1 L 2% ) T+ 0 (3)
_— = d¢ s —
Vi T kazker "

1 ;
= 1 - Rig V"5 + 0 (k7).

The result follows. O
The computation of ¢ is now immediate.

Corollary 6.3 Forall p,q € Z; we have c"? = 0.

Proof By comparing coefficients in (5.1), we see that there is no contribution from a;

L
for the T term, hence

CP 4
-1 p+l—q — O,

for any /. The result follows. O
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6.1 Computing the Coefficient c;

By applying Eq.(5.1) to f(z) = 1 we obtain cg’oz

0,0 0, () k), (.
= 2 C c i c
1= eu~v—|v\ 1+ 2 + 2 u'vl + 2 l kvj =1
/n k k k

(1= £ (Rieg v'v' = § Rm, 750" v 577) ) av.
Collecting the % terms, we obtain
L 1
cgo = /(Cn Ricﬁ Vil P gy 4_1/ lem vk e ™IV gy

The first integral on the right-hand side is nonzero when i = j. The left side is nonzero
wheni = j,k =1 andi =1, j = k. We therefore obtain

00
C2 =

NS e}

Next to obtain the c( DU

; . . 1 . 2
Zcé’)(a)u’ :/ (Rlel vl — ZRmz]kl v’vkv“v]il) gy,
- Cn
1

coefficient, we apply Eq.(5.1) with f = v* to obtain

The first term on the right-hand side is nonzero when « = [, hence the only relevant
term after integration is

. ; o—|ol? .
/ Ricig v’ [v* |2V M gy = E Ric;z u
Cn -
1

The second term splits into four cases:

() a=ji=L
Q) a=j k=1l
G)a=1i=]j.
@) a=1k=]j.

In each case, after integration, we obtain the term
/ Rm, o [l 2o Pe V™ gy = > Ricz u*,
k

and similar computations for the other cases, hence

D@ g,

@ Springer



2632 H. Hezari et al.

(k). (GD

Next to obtain the ¢, coefficient, we apply Eq.(5.1) with f = v*v? to obtain

NI 1
2ZC§k)'(ﬂ)u'uk =/n (RIC VR Pyl — 4Rm”klv’vkv°‘v’3v’vl) v gy,

For the first term on the right-hand side, it is not possible to sum over two variables,
hence is an irrelevant term. The second term has two cases:

) j=a,l=8.
Q) l=aj=§.

Hence we have
(ik),(ap) 1
s _ ——

4 RiEkE'
Note that the result matches with [21] except for the emergence of non-analytic terms,
however the computations in Lu and Shiffman were done for the lifted Szegd kernel.

7 Higher Order Asymptotic

As the C™ norms depend on the choice of coordinates, we must give some care when
discussing the asymptotic in higher order. The local kernel that we have constructed
is an expansion at one point p € M. We now show the regularity of the local kernel
depending on the point p.

We have shown that at a point p € M

C, N 1
Ki(p+2,p+w) = K (2wl = (3, d@w) < —

Vi

In fact, the C), y depends on the local potential, that is,

Cpn < sup [D%p(x)]
lal<a(N)
x€Bp(28)

We first would like to show that given a point g € B,(), the constant C), y is
uniform in that neighborhood, i.e.,

C, N 1
Ki(q +2,q +w) = KR (g, 2w < =, dizw) < —.

N

Consider a smooth family of Bochner coordinates. The existence of such a coor-
dinate is given, for example in [18]. Then consider a finite cover of M by B, (26) of
fixed radius. Then for ¢ € B, (8), we have

sup [D%p| < C sup |D%p],
Bq(S) B],(28)

@ Springer



Asymptotic Expansion of the Bergman Kernel... 2633

where C is independent of ¢, and the derivatives D* on the left correspond to the
Bochner coordinates centered at g and the right corresponds to the Bochner coordinates
centered at p.

To show the asymptotic for higher order derivatives with respect to the variable p,
we first apply the Bochner—Martinelli formula (which can be found in various texts
such as [12], [13]) to the difference of the local kernel and the global kernel.

We recall that

Lemma 7.1 (Bochner-Martinelli kernel) For w,z € C", we define the Bochner—
Martinelli kernel, M (w, z)

n— 1) 1
Q=" |z — w|?
z @ —zZHdw' Adw' A Adw A AdT A dw”

1<j<n

M(w,z) =

Supposethat f € C*°(D) where D is a domain in C" with piecewise smooth boundary.
Then for z € D,

f(z)=/ f(w)M(w,z)—/ df(w) A M(w, 2).
oD D

Now let p € M and consider Bochner coordinates (zl, ..., 2Z") centered at p. The
Bergman kernel and the local kernel are both objects that depend on the base point
and two arguments, i.e.,

Ki(p,z,w) :=Ki(p+z,p+w)

By polarizing in the p variable and considering the almost holomorphic extension, we
may view the kernel as

Ki(p,g.z,w) == Ki(p+z,9 +w)

Let
fe(p.q.zow) = Ki(p.q. 2. w) — K%, (p. q. 2. w)

be the difference between the global and local kernel. Note that f; is defined for
q,p+z,9g+we BP(\/L;)' From our previous result, we have

CpN 1
[filp. p. 2wl = i d@w) < 7

We want to estimate
102 fi(p. @)
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for ¢ = p, where we suppress the z, w variable because it it not essential to the
argument. Applying Lemma 7.1 to agfk(p,q) with D = BP(JL;) X Bq(\/%;), we
obtain

8;’,‘fk(p,q)=/ fk(p/,q’)a;“,M(p’,q’,p,q)—/ afi(p',gHnaM(p'. g, p. q).
aD D

The boundary integral term can be bounded by the £°°-norm of f; multiplied by
\/E_‘al. By using the fact that fj is an almost holomorphic extension, 58;‘ fk in the
second integral is bounded by O, (|’ — p’|*°). When p = g, we have d(p’, q’) < \/LE’
and therefore the second integral is of order O (k~°°).

Now we show the higher order asymptotic with respect to the z, w variable. We
rescale z \Lf and w — - to match the notation as in the statement of our theorem.

k vk
Since the local kernel K f\?c and the global Bergman kernel are holomorphic in # and
anti-holomorphic in v, the derivatives can be bounded by the L°°-norms using Cauchy
estimates. More precisely, let D be any first order differential operator of x. By using

the Cauchy estimates on K 5\(,’ “(x,y) and K (x, y) on the ball of radius \/L];, we obtain

o (6 () s )= R o 5) () e
—0 (k2”+%_N2H .

The above holds for x € B (%k’]/ 2), hence we have

oo (ki (35 %) - £ (3. 0)) [ = 0 (4%,

By similar argument, we can obtain the same estimates for the holomorphic variables
y.

Now let D% be any «th degree differential operator with respect to x or y. By
iterating the previous argument, we obtain the following

~

|o] N+1
|D® (KI’\;"‘ — K) <0 (k%”"‘ ) ) .

Hence we obtain the smooth asymptotic of the Bergman kernel asymptotics.
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Appendix

In this Appendix we discuss the Bargmann—Fock space F. It is the space of entire
functions that satisfy the weighted square integrability condition:

/ 1 () 2e 1 aV < co.
(Cn

The space F is precisely H 0((C", |z|2), and is thus a closed linear subspace of the
space £2(C", |z|?) with inner product given by

U ghF = /CC f@r@e av,

and thus is a Hilbert space. In fact, it is a reproducing kernel Hilbert space on C",
with reproducing kernel )
Ren(u, v) :=e"™v.

We first show that this kernel has the reproducing property on C and then extend this
argument to C”".

Lemma 8.1 On C, the Bargmann—Fock kernel is given by
Re(u, v) = .
Proof Taking some f € H(C"), we consider the inner product against R¢. We

convert the resulting integral to polar coordinates and then apply the Cauchy Integral
Formula to obtain

. dv Adv
(. Re)r = V=T [ et hF
C 2
2 . .
_ ! /OO "t ey e B g g
T Jo 0 2
1 [ ) [27 . _ i
= ——/ re”" fu+ re!®ye "¢ dodr
T Jo 0
e 2
= —f(u)/ 2re™" dr
0
= f(u).
The result follows. O

Corollary 8.2 On C", the Bargmann—Fock kernel is given by

Ren(u, v) ="V,
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Proof Letu,v € 7'y withu = (u1,...,u,) and v = (vy, ..., v,). Observe that

n
o0 — Heu,-ﬁi—\v,-l{
i=1

To demonstrate the reproducing property, we consider f € H°(C") and decompose
the integrand of the resulting inner product against Rc». Applying Lemma 8.1 to each
dimensional component, we have

(f(v), Ron) = [c e iray

:/ f(vl,-..,Un)(Heuiv_iUilZ)dV
“ i=i
= f(u).

The result follows. O

The following lemmas demonstrate the Bargmann—Fock projection of monomials
of different variables.

Lemma 8.3 Given some multiindex m € Z"_ the following equality holds.

Proof By manipulation and an application of Dominated Convergence Theorem,

/ f)me”‘ﬁ_‘vlzdv :/ aL(lm) [eu~ﬁ—|v|2]dv
= 9im [/ e“‘ﬁ_vlde:|
u

=0.

Note that the integral is constant with respect to u, hence the derivative vanishes. The
result follows. O

Lemma 8.4 The following equality holds, for p,q € Z4 with p < q.

/ l—)pvqel,t'ﬁ*‘lﬂzdv — [O Ucp > C]»

! — .
Gt ir=a

Proof Again by manipulation and an application of Dominated Convergence Theo-
rem,
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/ l—,pvqeu-ﬁ—\vlzd‘/=/ 8,5”) [vqeu-ﬁ—mz] AV
= 8L5p) |:/ vqe“'f’_lvlde:|

=a.” [u?].
therefore
_ -2 0 if p>gq,
Pyl VM gy — ) ]
Cnr ﬁuq_p lf P f q.
Result follows. O
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